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a b s t r a c t
New families of good q-ary (q is an odd prime power) Calderbank–Shor–Steane (CSS)
quantum codes derived from two distinct classical Bose–Chaudhuri–Hocquenghem (BCH)
codes, not necessarily self-orthogonal, are constructed. These new families consist of
CSS codes whose parameters are better than the ones available in the literature and
comparable to the parameters of quantum BCH codes generated by applying the q-ary
Steane’s enlargement of CSS codes.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
A well-known class of quantum stabilizer codes is the class of the Calderbank–Shor–Steane (CSS) codes [28,7,2]. Most of
the quantum code constructions available in the literature deal with symplectic, CSS or the Hermitian code constructions
[4,5,7–9,12,13,16,15,17,10,11,23,24,31–35,37,19,38,20,36,22]. In [36], the author constructed quantum codes from caps.
In [21,6,14,1] an important class of topological quantum codes for fault tolerant quantum computing is proposed. In general
such codes are not constructed from one single classical code.
There are only few works dealing with CSS construction based on two distinct classical codes, not necessarily self-
orthogonal [30,27,3,2,18]. In [30], quantum codes derived from two classical LDPC codes are presented whereas in [27,3,2]
existence conditions on quantum BCH codes are established. In [18] concatenated quantum codes have been constructed.
Motivated by the construction of good q-ary quantum codes we propose the construction of new families of CSS codes
derived from two distinct classical BCH codes. These new families consist of quantum codes with parameters
(i) [[n, n− 2m(c − 2)− 2, d ≥ c]]q, 2 ≤ c ≤ q;
(ii) [[n, n− 2m(c − 2), d ≥ c]]q, c = q+ 1;
(iii) [[n, n− 2m(c − 3)− 2, d ≥ c]]q, q+ 2 < c ≤ 2q;
(iv) [[n, n− 2m(c − 3)− 1, d ≥ c]]q, c = 2q+ 1;
(v) [[n, n− 4m(q− 1)− 2, d ≥ 2q+ 2]]q,
where q is an odd prime power and n = qm − 1. For fixed values of n and d, these new families of CSS codes achieve greater
values of the number of qudits than the ones shown in [3,2]. The construction of these new families of CSS codes is possible
due to the nice properties that some q-ary cyclotomic cosets have, as we will see.
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This paper is structured as follows. In Section 2 we recall some basic concepts on cyclic codes and the CSS construction.
In Section 3, the quantum code construction generating new families of good q-ary CSS quantum codes is presented. In
Section 4, some examples of the proposed code constructions are exhibited. In Section 5, the parameters of the newquantum
codes are compared with the parameters of the best CSS quantum codes available in [3,2] and also are compared with the
parameters of the quantum BCH codes generated by use of the concept of q-ary Steane’s construction [18]. We show that
the new codes are better than the codes in [3,2] and comparable to the codes in [18], for fixed values of n and d. Finally, in
Section 6, the final remarks are drawn.
2. Review of cyclic codes
Throughout this paper we always assume that q is an odd prime power, n = qm − 1 is the code length, the congruence
≡ is considered modulo n (mod n), CSS(C1, C2) denotes the CSS quantum code derived from classical codes C1 and C2, and
C[a] denotes the cyclotomic coset containing a, where a is not necessarily the smallest number in the coset C[a].
Let us recall some basic concepts on cyclic codes, necessary for the development of the quantum code construction being
proposed. For more details, we refer the reader to [25,26,29].
Definition 2.1 ([26, pg. 189]). Let Rn = Fq[x]/(xn−1) denote the quotient ring consisting of the residue classes of Fq[x]mod
(xn − 1). An ideal C of Rn is a linear subspace of Rn such that, if c(x) ∈ C then r(x)c(x) ∈ C , where r(x) ∈ Rn.
Definition 2.2 ([26, pg. 99]). The minimal polynomial of β ∈ Fqm over Fq, is the monic polynomial of smallest degree,M(x),
with coefficients in Fq such thatM(β) = 0.
Theorem 2.1 ([26, pg. 107]). xqm − x = product of all monic, irreducible polynomials over Fq, whose degree divides m.
Since cyclotomic cosets are the key to the construction being proposed, the next definition establishes this concept.
Definition 2.3 ([26, pg. 197]). The cyclotomic coset modulo n over Fq which contains s is given by Cs = {s, sq, sq2,
sq3, . . . , sqms−1}, where ms is the smallest positive integer such that sqms ≡ smod n. If s is the smallest number in a coset,
this coset is denoted by Cs.
Theorem 2.2 ([26, pg. 197]). xn − 1 = ∏sM(s)(x), where M(s)(x) denotes the s-th minimal polynomial over Fq and s runs
through the coset representatives mod n.
The next theorem characterizes the generator polynomial of cyclic codes:
Theorem 2.3 ([26, pg. 190]). Let C be a non zero ideal in Rn, i.e., a cyclic code of length n. Then,
(i) There is only one monic polynomial g(x) with minimal degree in C;
(ii) C = 〈g(x)〉, i.e., g(x) is the generator polynomial of C;
(iii) g(x) is a factor of xn − 1;
(iv) The dimension of C equals n− r, where r = ∂(g(x)) is the degree of g(x).
Theorem 2.4 ([26, pg. 196]). The dual code C⊥ is cyclic and has generator polynomial g⊥(x) = x∂h(x)h(x−1), where h(x) =
(xn − 1)/g(x) and ∂h(x) denotes the degree of h(x).
Remark 2.1. The code having generator polynomial h(x) is equivalent to the dual code C⊥. This fact will be used in this
paper.
Theorem 2.5 ([26, pg. 197]). (The BCH bound Theorem) Let C be a cyclic code with generator polynomial g(x) such that, for some
integers b ≥ 0, δ ≥ 1, and for α ∈ Fq, we have
g(αb) = g(αb+1) = · · · = g(αb+δ−2) = 0,
that is, C has a sequence of δ − 1 consecutive powers of α as zeros. Then the minimum distance of C is, at least, δ.
Definition 2.4 ([26, pg. 202]). A cyclic code of length n over Fq is a BCH code of designed distance δ if, for some integer b ≥ 0
one has
g(x) = l.c.m.{M(b)(x),M(b+1)(x), . . . ,M(b+δ−2)(x)},
that is, g(x) is the monic polynomial of smallest degree over Fq having αb, αb+1, . . . , αb+δ−2 as zeros.
From Theorem 2.5, the minimum distance of a BCH code is greater than or equal to its designed distance δ.
Lemma 2.1 ([2, Lemmas 8 and 9]). Let n ≥ 1 be an integer and q be a power of a prime such that gcd(n, q) = 1 and
qbm/2c < n ≤ qm − 1, where m = ordn(q) denotes the multiplicative order of q modulo n.
(i) The cyclotomic coset Cx = {xqj mod n | 0 ≤ j < m} has cardinality m for all x in the range 1 ≤ x ≤ nqdm/2e/(qm − 1);
(ii) Assume that x and y are distinct integers in the range 1 ≤ x, y ≤ min{bnqdm/2e/(qm − 1) − 1c, n − 1} such that the
congruence x, y ≡ 0mod q does not hold. Then the q-ary cyclotomic cosets of x and y modulo n are distinct.
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Definition 2.5 ([7,28,8,32]). (CSS codes) Let C1 and C2 denote two classical linear codes with parameters [n, k1, d1]q and
[n, k2, d2]q, respectively, such that C2 ⊂ C1. Then there exists an [[n, K = k1−k2, d]]q quantum codewhere d = min{wt(c) |
c ∈ (C1 \ C2) ∪ (C⊥2 \ C⊥1 )}.
3. Code constructions
The main results of this paper are Theorem 3.1 and their respective corollaries. They provide new families of good q-ary
CSS codes. In order to prove Theorem3.1we need to show that there are distinct and specific singleton cyclotomic cosets and
that the remaining cyclotomic cosets have cardinalitym and are also distinct among them and with respect to the previous
ones. These properties are proved from Lemma 3.1 to Lemma 3.6. The next lemma specifies the element belonging to the
corresponding cyclotomic cosets of interest.
Lemma 3.1. Let n = qm − 1, where q ≥ 3 is an odd prime power and m ≥ 3 is an integer. Then,
(i) The cyclotomic coset C[ qm−12 ]
contains only one element, namely, q
m−1
2 ;
(ii) The cyclotomic coset C[ qm−12 −1]
contains the element q
m−1
2 − q;
(iii) The cyclotomic coset C[ qm−12 +1]
contains the element q
m−1
2 + q.
Proof. (i) The coset C[ qm−1
2
] consists of elements of the type qm−12 .qt , where t ∈ {0, 1, 2, . . . ,m− 1}. Note that(
qm − 1
2
)
qt = q
m − 1
2
+ (qt − 1)
(
qm − 1
2
)
.
Since qt − 1 is an even number, gcd(q, n) = 1 and qm ≡ 1 mod n we have (qt − 1)( qm−12 ) = l(qm − 1), where l is an
integer, and so ( q
m−1
2 )q
t ≡ qm−12 mod (qm − 1).
(i) We show that ( q
m−1
2 − 1)q ≡ ( q
m−1
2 − q)mod n. In fact, since q− 1 is even, gcd(q, n) = 1 and qm ≡ 1 mod nwe obtain(
qm − 1
2
− 1
)
q =
(
qm − 1
2
)
(q− 1)+ q
m − 1
2
− q ≡
(
qm − 1
2
− q
)
mod n.
(iii) It suffices to show that ( q
m−1
2 +1)q ≡ ( q
m−1
2 +q)mod n. Since q−1 is even, gcd(q, n) = 1 and qm ≡ 1mod n it follows
that (
qm − 1
2
+ 1
)
q =
(
qm − 1
2
)
(q− 1)+ q
m − 1
2
+ q ≡
(
qm − 1
2
+ q
)
mod n. 
Lemma 3.1 provides nice conditions to obtain new families of good q-ary CSS quantum codes. More precisely, the smaller
the cardinality of the defining set is, the greater is its dimension.
Lemma 3.2. If n = qm − 1, where q ≥ 3 is an odd prime power and m ≥ 3 is an integer, then the q-ary cyclotomic cosets
C1,C2, . . . ,Cq−1,Cq+1, . . . ,C2q−1 (modulo n) are disjoint and each one of them has m elements.
Proof. It follows from Lemma 2.1, and knowing that 2q− 1 ≤ qdm/2e − 1, becausem ≥ 3. 
Lemma 3.3. If n = qm − 1, where q ≥ 3 is an odd prime power and m ≥ 3 is an integer (if q = 3,m ≥ 4) then the q-ary
cyclotomic cosets
C0,C1,C2, . . . ,Cq−1,Cq+1, . . . ,C2q−1
are distinct of the q-ary cosets C[ qm−12 +k]
, where k = 0, 1, . . . , q− 1.
Proof. See Appendix A. 
Lemma 3.4. If n = qm − 1, where q ≥ 3 is an odd prime power and m ≥ 3 is an integer (if q = 3,m ≥ 4), then the q-ary
cyclotomic cosets
C0,C1,C2, . . . ,Cq−1,Cq+1, . . . ,C2q−1
are distinct of the q-ary cosets C[ qm−12 −k]
, where k = 1, . . . , q− 1.
Proof. See Appendix B. 
Lemma 3.5. Let n = qm − 1, where q ≥ 3 is an odd prime power and m ≥ 3 is an integer.
(i) Each one of the q-ary cosets C[ qm−12 +k]
are distinct, where k = 1, . . . , q− 1;
(ii) Each one of the q-ary cosets C[ qm−12 −k]
are distinct, where k = 1, . . . , q− 1;
(iii) The cosets of the form C[ qm−12 +i]
are distinct of each one of the cosets of the form C[ qm−12 −j]
, where 1 ≤ i, j ≤ q− 1.
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Proof. (i) Assume ( n2+x)ql ≡ ( n2+y)mod n, where 0 ≤ l ≤ m−1 and 1 ≤ x, y ≤ q−1. Since ql−1 is even, gcd(q, n) = 1
and qm ≡ 1 mod n one obtains(n
2
+ x
)
ql =
(n
2
+ x
)
(ql − 1)+ n/2+ x = n
2
(ql − 1)+ x(ql − 1)+ n/2+ x ≡ (x(ql − 1)+ n/2+ x)mod n,
and so
x(ql − 1)+ n/2+ x ≡ (n/2+ y)mod n H⇒ xql ≡ ymod n.
We know that xql − y < qm − 1, for all 0 ≤ l ≤ m− 1 and 1 ≤ x, y ≤ q− 1. If l = 0 then x = y; if l ≥ 1 the equation
xql = y has no solution, as well.
(ii) Similar to the previous item.
(iii) Assume ( n2 + x)ql ≡ ( n2 − y)mod n, where 0 ≤ l ≤ m− 1 and 1 ≤ x, y ≤ q− 1. Since ql − 1 is even, gcd(q, n) = 1 and
qm ≡ 1 mod n it follows that x(ql − 1)+ n/2+ x ≡ (n/2− y)mod n, which implies that xql ≡ −ymod n. Moreover,
xql + y ≤ (q − 1)qm−1 + q − 1. Since m ≥ 3 and q ≥ 3, one can see that (q − 1)qm−1 + q − 1 < qm − 1. Hence, the
equation xql = −y has no solution, as well. The case ( n2 − x)ql ≡ ( n2 + y)mod n is analogous to the previous one. 
Lemma 3.6. Let n = qm − 1, where q ≥ 3 is an odd prime power and m ≥ 3 is an integer (if q = 3, m ≥ 4). Then, each one of
the q-ary cosets C[ qm−12 +i]
and C[ qm−12 −j]
, where 1 ≤ i, j ≤ q− 1 has m elements.
Proof. Weknow the cardinality of cyclotomic cosets dividem. Consider the elements of the cosetC[ qm−12 +i]
, namely, ( n2+i)ql,
where 0 ≤ l ≤ m− 1 and 1 ≤ i ≤ q− 1. Since ql − 1 is even, gcd(q, n) = 1 and qm ≡ 1 mod n it follows that(n
2
+ i
)
ql ≡ (i(ql − 1)+ n/2+ i) = (n/2+ iql)mod n.
For each l, where 0 ≤ l ≤ m − 2, one has n/2 + iql ≤ (q − 1)qm−2 + n/2 < n/2 + qm−1 < qm − 1 and so the first m − 1
elements belonging to the cosetC[ qm−12 +i]
are distinct, for all 0 ≤ l ≤ m−2 and 1 ≤ i ≤ q−1. Hence, each one of the cosets
C[ qm−12 +i]
, where 1 ≤ i ≤ q− 1, hasm elements becausem− 1 > m/2.
From now on, consider the elements of the coset C[ qm−12 −i]
, given by ( n2 − i)ql, where 0 ≤ l ≤ m− 1 and 1 ≤ i ≤ q− 1.
Since ql − 1 is even, gcd(q, n) = 1 and qm ≡ 1 mod n one obtains(n
2
− i
)
ql ≡ −i(ql − 1)+ n/2− i = n/2− iqlmod n.
For each l, where 0 ≤ l ≤ m − 2, one has 1 ≤ n/2 − iql < qm − 1 and so the first m − 1 elements belonging to the coset
C[ qm−12 −i]
are distinct, for all 0 ≤ l ≤ m− 2 and 1 ≤ i ≤ q− 1. Then each one of the cosets C[ qm−12 −i], where 1 ≤ i ≤ q− 1,
hasm elements sincem− 1 > m/2. 
Now, we are ready to show one of the main results of this paper:
Theorem 3.1. Let n = qm − 1, where q is an odd prime power and m ≥ 3 is an integer (if q = 3, m ≥ 4). Then there exist
quantum codes with parameters [[n, n− 4m(q− 1)− 2, d ≥ 2q+ 2]]q.
Proof. Let C1 be the (classical) BCH code generated by the product of the minimal polynomials
g1(x) = M(0)(x)M(1)(x) . . .M(q−1)(x)M(q+1)(x) . . .M(2q−1)(x),
and C2 be the cyclic code generated by the product of the minimal polynomials
g2(x) =
∏
i
M(i)(x),
where eachM(i)(x) is the minimal polynomial such that
i 6∈ {a− q+ 1, a− q+ 2, . . . , a− 1, a, a+ 1, . . . , a+ q− 1},
a = qm−12 and i runs through the coset representatives mod n = qm − 1.
From these considerations, let us construct the CSS codes from codes C1 and C2. From the BCH bound Theorem, the
minimum distance of the code C1 is greater than or equal to 2q + 2 since its defining set contains the sequence of
2q + 1 consecutive integers given by 0, 1, . . . , 2q. Similarly, the defining set of the code C generated by the polynomial
h2(x) = (xn−1)/g2(x) contains a sequence of 2q+1 consecutive integers given by a− q, a− q+1, . . . , a−1, a, . . . , a+ q,
since, from Lemma 3.1, the coset C[ qm−12 −1]
contains the element q
m−1
2 − q and the coset C[ qm−12 +1] contains the element
qm−1
2 +q. Thus, from the BCH bound Theorem, C hasminimum distance greater than or equal to 2q+2. Since C is equivalent
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to C⊥2 , it follows that C
⊥
2 also has minimum distance greater than or equal to 2q+ 2. Therefore, the resulting CSS code will
have minimum distance greater than or equal to 2q+ 2. Furthermore, from Lemmas 3.3 and 3.4, it follows that C2 ( C1.
Next, let us compute the dimension of these new families of CSS codes. From Lemma 3.2, the (2q− 2), q-ary cyclotomic
cosets
C1,C2, . . . ,Cq−1,Cq+1, . . . ,C2q−1
(modulo n) are disjoint and each one of them hasm elements. SinceC0 has only one element, the defining set of code C1 has
2m(q− 1)+ 1 elements. We know that if i ∈ Cs then
M(i)(x) =
∏
j∈Cs
(x− αj). (1)
Eq. (1) means that the degree of the polynomial M(i)(x) equals the cardinality of the coset Cs, and so the degree of the
generator polynomial of a cyclic code equals the cardinality of its defining set. Hence, the dimension k1 of code C1 equals
k1 = n− ∂g1(x) = n− 2m(q− 1)− 1.
From Lemma 3.1, the cosetC[ qm−12 ]
contains only one element. From Lemmas 3.5 and 3.6 the 2q−2 q-ary cosetsC[ qm−12 +j]
andC[ qm−12 −i]
, where 1 ≤ i, j ≤ q−1, are disjoint and each one hasm elements. Since the cosetC[ qm−12 ] has only one element
and each one of the cosets C[ qm−12 +j]
and C[ qm−12 −i]
, 1 ≤ i, j ≤ q− 1, hasm elements,m ≥ 3 (m ≥ 4 if q = 3), we conclude
the cosetC[ qm−12 ]
is disjoint of the cosetsC[ qm−12 +j]
andC[ qm−12 −i]
, 1 ≤ i, j ≤ q−1. From these considerations, the dimension
of C2, k2, is given by
k2 = n− ∂g2(x) = n− (n− 2m(q− 1)− 1) = 2m(q− 1)+ 1,
and so, the dimension of the corresponding CSS code equals
k1 − k2 = n− 2m(q− 1)− 1− 2m(q− 1)− 1 = n− 4m(q− 1)− 2,
where n = qm − 1.
Applying the CSS construction to C1 and C2 we have constructed new families of q-ary CSS codes with parameters
[[n, n− 4m(q− 1)− 2, d ≥ 2q+ 2]]q. 
Corollary 3.1. Let n = qm − 1, q is an odd prime power and m ≥ 3 is an integer. Then we have:
(i) There exist quantum codes with parameters [[n, n− 2m(c − 2)− 2, d ≥ c]]q, where 2 ≤ c ≤ q;
(ii) There exist quantum codes with parameters [[n, n− 2m(c − 2), d ≥ c]]q, where c = q+ 1;
(iii) There exist quantum codes with parameters [[n, n− 2m(c − 3)− 2, d ≥ c]]q, where q+ 2 < c ≤ 2q;
(iv) There exist quantum codes with parameters [[n, n− 2m(c − 3)− 1, d ≥ c]]q, where c = 2q+ 1.
Proof. (i) It suffices to consider C1 as the (classical) BCH code generated by the product of the minimal polynomials
g1(x) = M(0)(x)M(1)(x) . . .M(c−2)(x),
and C2 be the (classical) cyclic code generated by the product of the minimal polynomials
g2(x) =
∏
i
M(i)(x),
where eachM(i)(x) is the minimal polynomial such that i 6∈ {a, a+ 1, . . . , a+ c − 2}, a = qm−12 and i runs through the
coset representatives mod qm − 1. Applying the CSS construction to codes C1 and C2 and proceeding similarly as in the
proof of Theorem 3.1 the result follows.
(ii) Let C1 be the BCH code generated by the product of the minimal polynomials
g1(x) = M(1)(x) . . .M(q−1)(x),
and C2 be the cyclic code generated by the product of the minimal polynomials
g2(x) =
∏
i
M(i)(x),
where each M(i)(x) is the minimal polynomial such that i 6∈ {a + 1, . . . , a + q − 1}, a = qm−12 and i runs through the
coset representatives mod qm − 1. Applying the CSS construction to codes C1 and C2 and proceeding similarly as in the
proof of Theorem 3.1 the result follows.
(iii) Let C1 be the BCH code generated by the product of the minimal polynomials
g1(x) = M(0)(x)M(1)(x) . . .M(q−1)(x)M(q+1)(x) . . .M(c−2)(x),
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and C2 be the cyclic code generated by the product of the minimal polynomials
g2(x) =
∏
i
M(i)(x),
where eachM(i)(x) is theminimal polynomial such that i 6∈ {a, a+1, . . . , a+q−1, a−1, . . . , a− r}, a = qm−12 , r is an
integer such that r = c−2− q and i runs through the coset representatives mod qm−1. Applying the CSS construction
to codes C1 and C2 and proceeding similarly as in the proof of Theorem 3.1 the result follows.
(iv) Let C1 be the BCH code generated by the product of the minimal polynomials
g1(x) = M(1)(x) . . .M(q−1)(x)M(q+1)(x) . . .M(2q−1)(x),
and C2 be the cyclic code generated by the product of the minimal polynomials
g2(x) =
∏
i
M(i)(x),
where eachM(i)(x) is theminimal polynomial such that i 6∈ {a, a+1, . . . , a+q−1, a−1, . . . , a−q+1}, a = qm−12 and
i runs through the coset representatives mod qm − 1. Applying the CSS construction to codes C1 and C2 and proceeding
similarly as in the proof of Theorem 3.1 the result follows. 
From now on we investigate the case whenm = 3 and q = 3. For q = 3 and n = 33 − 1 = 26 the cyclotomic cosets are
given by
C0 = {0}, C1 = {1, 3, 9}, C2 = {2, 6, 18}, C4 = {4, 12, 10}, C5 = {5, 15, 19},
C7 = {7, 21, 11}, C8 = {8, 24, 20}, C13 = {13}, C14 = {14, 16, 22}, C17 = {17, 25, 23}.
Let C1 be the BCH code generated by the product of the minimal polynomials C1 = 〈g1(x)〉 = 〈M(0)(x)M(1)(x)M(2)(x)〉. We
know the defining set of code C1 contains the sequence 0, 1, 2, 3. From the BCH bound theorem, C1 has minimum distance
greater than or equal to 5.
Let C2 be the cyclic code generated by
∏
iM
(i)(x), where eachM(i)(x) is the minimal polynomial such that i 6∈ {5, 13, 14},
and i runs through the coset representatives mod 26. By construction, C2 ⊂ C1. Moreover, the sequence 62, 63, 64, 65
belongs to the defining set of code C which is generated by h2(x) = (xn − 1)/g2(x). Hence, code C is equivalent to C⊥2 .
From the BCH bound theorem, C⊥2 also has minimum distance greater than or equal to 5. Applying the CSS construction one
obtains an [[26, 12, d ≥ 5]]3 quantum code.
Analogously, if C1 = 〈g1(x)〉 = 〈M(0)(x)M(1)(x)〉 and C2 is the cyclic code generated by∏iM(i)(x), where eachM(i)(x) is
the minimal polynomial such that i 6∈ {13, 14}, and i runs through the coset representatives mod 26, an [[26, 18, d ≥ 3]]3
CSS code is constructed.
Furthermore, if C1 = 〈g1(x)〉 = 〈M(1)(x)M(2)(x)〉 and C2 is the cyclic code generated by∏iM(i)(x), where eachM(i)(x) is
the minimal polynomial such that i 6∈ {5, 14}, and i runs through the coset representatives mod 26, an [[26, 14, d ≥ 4]]3
code is generated.
4. Examples
Next we show how the proposed constructions works.
Example 4.1. Let C1 be the BCH code of length 80, and let C2 be a cyclic code of length 80, both over F3, and generated,
respectively, by
g1 = M(0)(x)M(1)(x)M(2)(x)M(4)(x)M(5)(x),
and g2(x) =∏iM(i)(x), where eachM(i)(x) is the minimal polynomial such that i 6∈ {22, 13, 14, 40, 41}, and i runs through
the coset representatives mod n = 80.
We know the sequence 0, 1, 2, 3, 4, 5, 6 belongs to the defining set of C1 and the sequence 37, 38, 39, 40, 41, 42, 43
belongs to the defining set of code C which is generated by h2(x) = (xn− 1)/g2(x). Hence, code C is equivalent to C⊥2 . Thus,
from the BCH bound theorem, each one of the codes C1 and C⊥2 has minimum distance greater than or equal to 8. The cosets
for C1 are given by
C0 = {0}, C1 = {1, 3, 9, 27}, C2 = {2, 6, 18, 54}, C4 = {4, 12, 36, 28}, C5 = {5, 15, 45, 55},
and the cosets for C2 are all cyclotomic cosets except cosets
C13 = {13, 39, 37, 31}, C14 = {14, 42, 46, 58}, C22 = {22, 66, 38, 34},
C40 = {40}, C41 = {41, 43, 49, 67}.
Thus C1 has dimension k1 = 80 − 17 = 63 and C2 has dimension k2 = 80 − (80 − 17) = 17 and so the dimension of
CSS(C1, C2) is equal to k1 − k2 = 63− 17 = 46. Applying Theorem 3.1, an [[80, 46, d ≥ 8]]3 CSS code is generated.
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Example 4.2. Let C1 and C2 be cyclic codes over F3 of length 80 generated, respectively, by
g1(x) = M(0)(x)M(1)(x)M(2)(x)M(4)(x)M(5)(x)M(7)(x),
and g2(x) = ∏iM(i)(x), where each M(i)(x) is the minimal polynomial such that i 6∈ {22, 13, 14, 40, 41, 44} and i runs
through the coset representatives mod n = 80.
Weknow the sequence 0, 1, 2, 3, 4, 5, 6, 7belongs to thedefining set ofC1 and the sequence 37, 38, 39, 40, 41, 42, 43, 44
belongs to the defining set of code C which is generated by h2(x) = (xn − 1)/g2(x). Hence, code C is equivalent to C⊥2 . From
the BCH bound theorem, C1 and C⊥2 have minimum distance greater than or equal to 9. The cosets for C1 are
C0 = {0}, C1 = {1, 3, 9, 27}, C2 = {2, 6, 18, 54}, C4 = {4, 12, 36, 28},
C5 = {5, 15, 45, 55}, C7 = {7, 21, 63, 29},
and the cosets for C2 are all cyclotomic cosets except cosets
C13 = {13, 39, 37, 31}, C14 = {14, 42, 46, 58}, C22 = {22, 66, 38, 34},
C40 = {40}, C41 = {41, 43, 49, 67}, C44 = {44, 52, 76, 68}.
The code C1 has dimension k1 = 80 − 21 = 59 and C2 has dimension k2 = 80 − (80 − 21) = 21, so the dimension of
CSS(C1, C2) equals k1 − k2 = 59− 21 = 38. Applying the CSS construction, an [[80, 38, d ≥ 9]]3 CSS code is constructed.
Example 4.3. Let C1 be the BCH code of length 124, and let C2 be the cyclic code of length 124, both over F5 and generated,
respectively, by
g1(x) = M(0)(x)M(1)(x)M(2)(x)M(3)(x),
and g2(x) = ∏iM(i)(x), where each M(i)(x) is the minimal polynomial such that i 6∈ {62, 63, 64, 13}, and i runs through
the coset representatives mod n = 124.
We know the sequence 0, 1, 2, 3 belongs to the defining set of C1 and the sequence 62, 63, 64, 65 belongs to the defining
set of code C which is generated by h2(x) = (xn − 1)/g2(x). Hence, code C is equivalent to C⊥2 . From the BCH bound, C1 and
C⊥2 have minimum distance greater than or equal to 5. The cosets for C1 are
C0 = {0}, C1 = {1, 5, 25}, C2 = {2, 10, 50}, C3 = {3, 15, 75}.
The cosets for C2 are all cyclotomic cosets except cosets
C62 = {62}, C63 = {63, 67, 87}, C64 = {64, 72, 112}, C13 = {13, 65, 77}.
Therefore C1 has dimension k1 = 124− 10 = 114 and C2 has dimension k2 = 124− (124− 10) = 10, so the dimension of
the corresponding CSS code equals k1− k2 = 114− 10 = 104. Applying Corollary 3.1, an [[124, 104, d ≥ 5]]5 is generated.
5. Code comparisons
In this section we compare the parameters of the new CSS codes with the best CSS codes available in [3,2] and also with
the parameters of the q-ary quantum BCH codes derived from the q-ary Steane’s construction [18, Corollary 4].
In Tables 1 and 2, the parameters of the corresponding codes are described as follows: n = qm − 1 is the code length,
where q is an odd prime power, k is the code dimension, d is its minimum distance,
[[n′, k′, d′]]q = [[n′, n′ − 2m(d(δ − 1)(1− 1/q)e), d′ ≥ δ]]q
are the parameters of the best CSS available in [3,2], [[n′′k′′, d′′]]q are the parameters of the quantum BCH codes derived
from the q-ary Steane’s construction, and [[n, k, d ≥ c]]q are the parameters of the new CSS codes constructed in this paper,
where [[n, k, d ≥ c]]q denotes the following codes’ parameters
• [[n, n− 2m(c − 2)− 2, d ≥ c]]q, 2 ≤ c ≤ q;• [[n, n− 2m(c − 2), d ≥ c]]q, c = q+ 1;• [[n, n− 2m(c − 3)− 2, d ≥ c]]q, q+ 2 < c ≤ 2q;• [[n, n− 2m(c − 3)− 1, d ≥ c]]q, c = 2q+ 1;• [[n, n− 4m(q− 1)− 2, d ≥ 2q+ 2]]q.
Consider the following result of Hamada [18]:
Corollary 5.1 ([18, Corollary 4]). Assume we have an [N0, K0] linear code L which contains its Euclidean dual, L⊥ ≤ L, and which
can be enlarged to an [N0, K ′0] linear code L′, where K ′0 ≥ K0 + 2. Then there exists a quantum symplectic code with parameters
[[N0, K0 + K ′0 − N0, d ≥ min{d, d q+1q d′e}]], where d = w(L \ L′⊥) and d′ = w(L′ \ L′⊥).
The codes derived from the q-ary Steane’s construction are generated by the same method presented in [32, Table I] by
considering the criterion for classical Euclidean self-orthogonal BCH codes of [2, Theorems 3 and 5]:
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Table 1
Quantum code comparison.
New CSS codes Best CSS codes in [3,2]
[[n, k, d ≥ c]]q [[n′, k′, d′]]q
[[26, 18, d ≥ 3]]3 [[26, 14, d′ ≥ 3]]3
[[26, 14, d ≥ 4]]3 [[26, 14, d′ ≥ 4]]3
[[26, 12, d ≥ 5]]3 [[26, 8, d′ ≥ 5]]3
[[80, 70, d ≥ 3]]3 [[80, 64, d′ ≥ 3]]3
[[80, 64, d ≥ 4]]3 [[80, 64, d′ ≥ 4]]3
[[80, 54, d ≥ 6]]3 [[80, 48, d′ ≥ 6]]3
[[80, 47, d ≥ 7]]3 [[80, 48, d′ ≥ 7]]3
[[80, 46, d ≥ 8]]3 [[80, 40, d′ ≥ 8]]3
[[80, 38, d ≥ 9]]3 –
[[242, 230, d ≥ 3]]3 [[242, 222, d′ ≥ 3]]3
[[242, 222, d ≥ 4]]3 [[242, 222, d′ ≥ 4]]3
[[242, 210, d ≥ 6]]3 [[242, 202, d′ ≥ 6]]3
[[242, 201, d ≥ 7]]3 [[242, 202, d′ ≥ 7]]3
[[242, 200, d ≥ 8]]3 [[242, 192, d′ ≥ 8]]3
[[728, 714, d ≥ 3]]3 [[728, 704, d′ ≥ 3]]3
[[728, 704, d ≥ 4]]3 [[728, 704, d′ ≥ 4]]3
[[728, 690, d ≥ 6]]3 [[728, 680, d′ ≥ 6]]3
[[728, 679, d ≥ 7]]8 [[728, 680, d′ ≥ 7]]3
[[728, 678, d ≥ 8]]3 [[728, 668, d′ ≥ 8]]3
[[124, 116, d ≥ 3]]5 [[124, 112, d′ ≥ 3]]5
[[124, 110, d ≥ 4]]5 [[124, 106, d′ ≥ 4]]5
[[124, 104, d ≥ 5]]5 [[124, 100, d′ ≥ 5]]5
[[124, 100, d ≥ 6]]5 [[124, 100, d′ ≥ 6]]5
[[124, 92, d ≥ 8]]5 [[124, 88, d′ ≥ 8]]5
[[124, 86, d ≥ 9]]5 [[124, 82, d′ ≥ 9]]5
[[124, 80, d ≥ 10]]5 [[124, 76, d′ ≥ 10]]5
[[124, 75, d ≥ 11]]5 [[124, 76, d′ ≥ 11]]5
[[124, 74, d ≥ 12]]5 [[124, 70, d′ ≥ 12]]5
Theorem 5.1 ([2, Theorem 3]). Assume m = ordn(q) is the multiplicative order of q modulo n and let [statement] = 1, if
statement is true and [statement] = 0, otherwise. If the designed distance δ is in the range 2 ≤ δ ≤ δmax = bγ c, where
γ = nqm−1 (qdm/2e − 1− (q− 2)[m odd]), then BCH(n, q; δ)⊥ ⊆ BCH(n, q; δ).
To illustrate this procedure, we construct an [[80, 60, d ≥ 5]]3 quantum code derived from [18, Corollary 4]: Consider the
classical BCH codes with parameters L = [80, 68, 5]3 and L′ = [80, 72, 4]3, according to Corollary 5.1. From Theorem 5.1,
L = [80, 68, 5]3 is Euclidean self-orthogonal. In this case, d q+1q d′e = d 434e = 6, K0 + K ′0 − N0 = 72 + 68 − 80 = 60 and
d ≥ 5. Then an [[80, 60, d ≥ 5]]3 quantum code is generated. Note that if we consider L = [80, 68, 5]3 and L′ = [80, 76, 2]3
the corresponding quantum code does not have minimum distance d ≥ 5 since d 432e = 3.
Tables 1 and 2 show the new proposed CSS codes (derived from two distinct BCH codes) and also show the best CSS codes
derived from classical BCH codes available in [3,2]. As can be seen, when the parameters n and d are fixed, the new CSS codes
have dimension greater than the corresponding dimension of the quantum codes tabulated in [3,2] in almost all the cases.
Tables 3 and 4 show the new proposed CSS codes and also present the quantum BCH codes generated by applying
the q-ary Steane’s construction, where the classical BCH codes must be self-orthogonal. Such self-orthogonality is derived
from [2, Theorem 3]. The parameters of the new codes are comparable to the latter codes. In some cases, for fixed n and
d the new codes have dimension greater than the corresponding dimension of the codes derived from the q-ary Steane’s
construction, whereas in some other cases the dimension of codes shown in [18, Corollary 4] are greater than the dimension
of the corresponding new codes. As an example, the new [[80, 46, d ≥ 8]]3 code is better than the [[80, 44, d′′ ≥ 8]]3 code
whereas the [[342, 282, d′′ ≥ 13]]7 code is better than the new [[342, 280, d ≥ 13]]7 code. However, there are some cases
where the q-ary Steane’s construction does not generate quantum codes with prescribed values, for instance, all the cases
left in blank in Table 2.
6. Final remarks
Wehave constructed new families of q-ary CSS codeswhose parameters are better than the ones available in the literature
and comparable to the parameters of quantum BCH codes generated by applying q-ary Steane’s construction.
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Table 2
Quantum code comparison.
New CSS codes Best CSS codes in [3,2]
[[n, k, d ≥ c]]q [[n′, k′, d′]]q
[[624, 614, d ≥ 3]]5 [[624, 608, d′ ≥ 3]]5
[[624, 606, d ≥ 4]]5 [[624, 600, d′ ≥ 4]]5
[[624, 598, d ≥ 5]]5 [[624, 592, d′ ≥ 5]]5
[[624, 592, d ≥ 6]]5 [[624, 592, d′ ≥ 6]]5
[[624, 582, d ≥ 8]]5 [[624, 576, d′ ≥ 8]]5
[[624, 574, d ≥ 9]]5 [[624, 568, d′ ≥ 9]]5
[[624, 566, d ≥ 10]]5 [[624, 560, d′ ≥ 10]]5
[[624, 559, d ≥ 11]]5 [[624, 560, d′ ≥ 11]]5
[[624, 558, d ≥ 12]]5 [[624, 552, d′ ≥ 12]]5
[[342, 334, d ≥ 3]]7 [[342, 330, d′ ≥ 3]]7
[[342, 328, d ≥ 4]]7 [[342, 324, d′ ≥ 4]]7
[[342, 322, d ≥ 5]]7 [[342, 318, d′ ≥ 5]]7
[[342, 316, d ≥ 6]]7 [[342, 312, d′ ≥ 6]]7
[[342, 306, d ≥ 8]]7 [[342, 306, d′ ≥ 8]]7
[[342, 298, d ≥ 10]]7 [[342, 294, d′ ≥ 10]]7
[[342, 292, d ≥ 11]]7 [[342, 288, d′ ≥ 11]]7
[[342, 286, d ≥ 12]]7 [[342, 282, d′ ≥ 12]]7
[[342, 280, d ≥ 13]]7 [[342, 276, d′ ≥ 13]]7
[[342, 274, d ≥ 14]]7 [[342, 270, d′ ≥ 14]]7
[[342, 269, d ≥ 15]]7 [[342, 270, d′ ≥ 15]]7
[[342, 268, d ≥ 16]]7 [[342, 264, d′ ≥ 16]]7
Table 3
Quantum code comparison.
New CSS codes q-ary Steane’s construction [18, Corollary 4]
[[n, k, d ≥ c]]q [[n′′, k′′, d′′]]q: L, L′
[[26, 18, d ≥ 3]]3 [[26, 17, d′′ ≥ 3]]3: [26, 20, 4]3 , [26, 23, 2]3
[[26, 14, d ≥ 4]]3 –
[[26, 12, d ≥ 5]]3 [[26, 11, d′′ ≥ 5]]3: [26, 17, 5]3 , [26, 20, 4]3
[[80, 70, d ≥ 3]]3 [[80, 68, d′′ ≥ 3]]3: [80, 72, 4]3 , [80, 76, 2]3
[[80, 64, d ≥ 4]]3 –
[[80, 54, d ≥ 6]]3 –
[[80, 47, d ≥ 7]]3 [[80, 52, d′′ ≥ 7]]3: [80, 64, 7]3 , [80, 68, 5]3
[[80, 46, d ≥ 8]]3 [[80, 44, d′′ ≥ 8]]3: [80, 60, 8]3 , [80, 64, 7]3
[[80, 38, d ≥ 9]]3 –
[[242, 230, d ≥ 3]]3 [[242, 227, d′′ ≥ 3]]3: [242, 232, 4]3 , [242, 237, 2]3
[[242, 222, d ≥ 4]]3 –
[[242, 210, d ≥ 6]]3 –
[[242, 201, d ≥ 7]]3 [[242, 207, d′′ ≥ 7]]3: [242, 222, 7]3 , [242, 227, 5]3
[[242, 200, d ≥ 8]]3 [[242, 197, d′′ ≥ 8]]3: [242, 217, 8]3 , [242, 222, 7]3
[[728, 714, d ≥ 3]]3 [[728, 710, d′′ ≥ 3]]3: [728, 716, 4]3 , [728, 722, 2]3
[[728, 704, d ≥ 4]]3 –
[[728, 690, d ≥ 6]]3 –
[[728, 679, d ≥ 7]]3 [[728, 686, d′′ ≥ 7]]3: [728, 704, 7]3 , [728, 710, 5]3
[[728, 678, d ≥ 8]]3 [[728, 674, d ≥ 8]]3: [728, 698, 8]3 , [728, 704, 7]3
[[124, 116, d ≥ 3]]5 [[124, 115, d′′ ≥ 3]]5: [124, 118, 3]5 , [124, 121, 2]5
[[124, 110, d ≥ 4]]5 [[124, 109, d′′ ≥ 4]]5: [124, 115, 4]5 , [124, 118, 3]5
[[124, 104, d ≥ 5]]5 [[124, 103, d′′ ≥ 5]]5: [124, 112, 6]5 , [124, 115, 4]5
[[124, 100, d ≥ 6]]5 –
[[124, 92, d ≥ 8]]5 [[124, 94, d′′ ≥ 8]]5: [124, 106, 8]5 , [124, 112, 6]5
[[124, 86, d ≥ 9]]5 [[124, 88, d′′ ≥ 9]]5: [124, 103, 9]5 , [124, 109, 7]5
[[124, 80, d ≥ 10]]5 [[124, 82, d′′ ≥ 10]]5: [124, 100, 11]5 , [124, 106, 8]5
[[124, 75, d ≥ 11]]5 [[124, 79, d′′ ≥ 11]]5: [124, 100, 11]5 , [124, 103, 9]5
[[124, 74, d ≥ 12]]5 [[124, 73, d′′ ≥ 12]]5: [124, 97, 12]5 , [124, 100, 11]5
Appendix A. Proof of Lemma 3.3
Proof. AssumeC[ qm−12 +k]
and Cx are not disjoint, where n = qm−1, 0 ≤ k ≤ q−1 and x = 0, 1, . . . , q−1, q+1, . . . , 2q−1.
Then there exists a positive integer r , 0 ≤ r ≤ m− 1, such that ( qm−12 + k)qr ≡ xmod n. Since gcd(q, n) = 1, qm ≡ 1 mod
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Table 4
Quantum code comparison.
[[624, 614, d ≥ 3]]5 [[624, 612, d′′ ≥ 3]]5: [624, 616, 3]5 , [624, 620, 2]5
[[624, 606, d ≥ 4]]5 [[624, 604, d′′ ≥ 4]]5: [624, 612, 4]5 , [624, 616, 3]5
[[624, 598, d ≥ 5]]5 [[624, 596, d′′ ≥ 5]]5: [624, 608, 6]5 , [624, 612, 4]5
[[624, 592, d ≥ 6]]5 –
[[624, 582, d ≥ 8]]5 [[624, 584, d′′ ≥ 8]]5: [624, 600, 8]5 , [624, 608, 6]5
[[624, 574, d ≥ 9]]5 [[624, 576, d′′ ≥ 9]]5: [624, 596, 9]5 , [624, 604, 7]5
[[624, 566, d ≥ 10]]5 [[624, 568, d′′ ≥ 10]]5: [624, 592, 11]5 , [624, 600, 8]5
[[624, 559, d ≥ 11]]5 [[624, 564, d′′ ≥ 11]]5: [624, 592, 11]5 , [624, 596, 9]5
[[624, 558, d ≥ 12]]5 [[624, 556, d′′ ≥ 12]]5: [624, 588, 12]5 , [624, 592, 11]5
[[342, 334, d ≥ 3]]7 [[342, 333, d′′ ≥ 3]]7: [342, 336, 3]7 , [342, 339, 2]7
[[342, 328, d ≥ 4]]7 [[342, 327, d′′ ≥ 4]]7: [342, 333, 4]7 , [342, 336, 3]7
[[342, 322, d ≥ 5]]7 [[342, 321, d′′ ≥ 5]]7: [342, 330, 5]7 , [342, 333, 4]7
[[342, 316, d ≥ 6]]7 [[342, 315, d′′ ≥ 6]]7: [342, 327, 6]7 , [342, 330, 5]7
[[342, 310, d ≥ 7]]7 [[342, 309, d′′ ≥ 7]]7: [342, 324, 8]7 , [342, 327, 6]7
[[342, 306, d ≥ 8]]7 –
[[342, 298, d ≥ 10]]7 [[342, 300, d′′ ≥ 10]]7: [342, 318, 10]7 , [342, 324, 8]7
[[342, 292, d ≥ 11]]7 [[342, 294, d′′ ≥ 11]]7: [342, 315, 11]7 , [342, 321, 9]7
[[342, 286, d ≥ 12]]7 [[342, 288, d′′ ≥ 12]]7: [342, 312, 12]7 , [342, 318, 10]7
[[342, 280, d ≥ 13]]7 [[342, 282, d′′ ≥ 13]]7: [342, 309, 13]7 , [342, 315, 11]7
[[342, 274, d ≥ 14]]7 [[342, 276, d′′ ≥ 14]]7: [342, 306, 15]7 , [342, 312, 12]7
[[342, 269, d ≥ 15]]7 [[342, 273, d′′ ≥ 15]]7: [342, 306, 15]7 , [342, 309, 13]7
[[342, 268, d ≥ 16]]7 [[342, 267, d′′ ≥ 16]]7: [342, 303, 16]7 , [342, 306, 15]7
n and qr − 1 is even one obtains(
qm − 1
2
+ k
)
qr =
(
qm − 1
2
)
(qr − 1)+ q
m − 1
2
+ kqr
≡
(
qm − 1
2
+ kqr
)
≡ xmod n.
Case 1. Assume r = m− 1 and consider qm−12 + kqm−1. Set k∗ := q−12 . If k ≤ k∗ then q
m−1
2 + kqm−1 < qm − 1. Analogously,
if k = k∗ + s > k∗, where 1 ≤ s ≤ q−12 , the inequality q
m−1
2 + kqm−1 > qm − 1 holds.
Consider first k ≤ k∗. Since ( qm−12 +kqm−1) ≡ xmodn, where x = 0, 1, . . . , q−1, q+1, . . . , 2q−1, then q
m−1
2 +kqm−1 = x
because q
m−1
2 + kqm−1 < qm − 1. This is a contradiction since q
m−1
2 + kqm−1 > 2q− 1.
On the other hand, if k > k∗, i.e., k = k∗ + s, 1 ≤ s ≤ q−12 , then q
m−1
2 + kqm−1 > qm − 1. Computing q
m−1
2 + kqm−1:
qm − 1
2
+ kqm−1 = q
m − 1
2
+
(
q− 1
2
+ s
)
qm−1 = q
m − 1
2
+ q
m
2
− q
m−1
2
+ sqm−1
= qm − 1/2+ (s− 1/2) qm−1 ≡ (1/2+ (s− 1/2) qm−1)mod n,
because gcd(q, n) = 1 and qm ≡ 1 mod n, where 1 ≤ s ≤ q−12 . We know that 1/2 + (s− 1/2) qm−1 < qm − 1, where
1 ≤ s ≤ q−12 .
Assuming 1/2+(s−1/2)qm−1 ≡ xmod n, where x = 0, 1, . . . , q−1, q+1, . . . , 2q−1, we have 1/2+(s−1/2)qm−1 = x
because 1/2 + (s − 1/2)qm−1 < qm − 1, i.e., 1 + (2s − 1)qm−1 = 2x. If s = 1 then 1 + qm−1 = 2x and so qm−1 ≤ 4q − 3,
which is a contradiction. If s > 1 then 2 s− 1 > 1 and so (2s− 1)qm−1 ≤ 4q− 3 does not hold.
Case 2. Assume 0 ≤ r ≤ m− 2 and consider the element qm−12 + kqr . Since q > s and q ≥ 3, it follows that qm ≥ 3qm−1 >
2qm−1 + 1, i.e., qm > 2qm−1 + 1. This implies 2qm − 2 > qm − 1 + 2qm−1 and so qm − 1 > qm−12 + qm−1 > q
m−1
2 + kqr ,
where 0 ≤ k ≤ q − 1 and 0 ≤ r ≤ m − 2. Thus, qm−12 + kqr < qm − 1, for all 0 ≤ k ≤ q − 1 and 0 ≤ r ≤ m − 2. If
(
qm−1
2 + kqr) ≡ xmod n then q
m−1
2 + kqr = x, x = 0, 1, . . . , q− 1, q+ 1, . . . , 2q− 1, since q
m−1
2 + kqr < qm − 1, and so
qm−1
2 + kqr ≤ 2q− 1 H⇒ qm − 1+ 2kqr ≤ 4q− 2, which is a contradiction.
Therefore, the q-ary cyclotomic cosets C0,C1, . . . ,Cq−1,Cq+1, . . . ,C2q−1 are distinct of the cosets C[ qm−12 +k]
, where
k = 0, 1, . . . , q− 1. 
Appendix B. Proof of Lemma 3.4
Proof. AssumeC[ qm−12 −k]
and Cx are not disjoint, where n = qm−1, 1 ≤ k ≤ q−1 and x = 0, 1, . . . , q−1, q+1, . . . , 2q−1.
Then there exists a positive integer r , 0 ≤ r ≤ m − 1, such that ( qm−12 − k)qr ≡ x mod n. We know that ( q
m−1
2 − k)qr ≡
(
qm−1
2 − kqr)mod n and q
m−1
2 − kqr < qm − 1 hold. Assume that ( q
m−1
2 − kqr) ≡ xmod n.
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Case 1. Assume r = m − 1; then qm−12 − kqr ≥ −q
m+2qm−1−1
2 . Set k
∗ := q−12 . If 1 ≤ k ≤ k∗ then q
m−1
2 − kqr ≥ 0 and if
k ≥ k∗ + 1, it follows that qm−12 − kqr < 0.
Assume first 1 ≤ k ≤ k∗. Since 0 ≤ qm−12 − kqr < qm − 1 one obtains(
qm − 1
2
− kqm−1
)
≡ xmod n H⇒ q
m − 1
2
− kqm−1 = x H⇒ qm − 1− 2kqm−1 = 2x,
where x = 0, 1, . . . , q − 1, q + 1, . . . , 2q − 1. The smallest value for qm − 1 − 2kqm−1 is achieved when k = k∗ := q−12
where one has qm − 1− 2kqm−1 = qm−1 − 1, but, in this case, the inequality qm−1 − 1 ≤ 4q− 2 does not hold.
On the other hand, assuming k ≥ k∗ + 1 we know that qm−12 − kqr < 0. Let us check the equivalence ( q
m−1
2 − kqr) ≡ x
mod n. The smallest value for q
m−1
2 − kqr is achieved when k = q − 1: −q
m+2qm−1−1
2 . Since
qm−2qm−1+1
2 + x < qm − 1, the
equivalence ( q
m−1
2 − kqr) ≡ xmod n implies that q
m−1
2 − kqr = x holds, which is a contradiction, since q
m−1
2 − kqr < 0 and
x ≥ 0.
Case 2. Assume 0 ≤ r ≤ m − 2. We know that 0 ≤ qm−12 − kqr < qm − 1. Assume qm − 1 − 2kqr = 2x,
x = 0, 1, . . . , q− 1, q+ 1, . . . , 2q− 1. The smallest value for qm − 1− 2kqr is achieved when k = q− 1 and r = m− 2:
qm − 1− 2kqr = qm − 2qm−1 + 2qm−2 − 1. However, in this case, the inequality qm − 2qm−1 + 2qm−2 − 1 ≤ 4q− 2 does
not hold.
Therefore, the q-ary cyclotomic cosets C0,C1, . . . ,Cq−1,Cq+1, . . . ,C2q−1 are distinct of the cosets C[ qm−12 −k]
, where
k = 0, 1, . . . , q− 1, as desired. 
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